Due to the work in [Brieskorn], [Tjurina], [Artin], [Wahl 2] and [Lipman] one understands very well the notion of simultaneous resolution for rational surface singularities. Given a rational surface singularity X, there exists a smooth parameter space Res representing the functor of deformations of the (minimal) resolution. The family Y ---+ Res contracts to X ---+Res. The fibers yt---+ X 1 are the minimal resolutions of Xt. There is a finite and Galois map Res ---+ Defx (the versa! base space of X). The image is the Artin component, which represents the functor of deformations of X with simultaneous resolution after finite base change, and the covering group W is a reflection group which is also the monodromy group of the component.
INTRODUCTION
Due to the work in [Brieskorn] , [Tjurina] , [Artin] , [Wahl 2] and [Lipman] one understands very well the notion of simultaneous resolution for rational surface singularities. Given a rational surface singularity X, there exists a smooth parameter space Res representing the functor of deformations of the (minimal) resolution. The family Y ---+ Res contracts to X ---+Res. The fibers yt---+ X 1 are the minimal resolutions of Xt. There is a finite and Galois map Res ---+ Defx (the versa! base space of X). The image is the Artin component, which represents the functor of deformations of X with simultaneous resolution after finite base change, and the covering group W is a reflection group which is also the monodromy group of the component.
In the case of rational double points (RDPs) W is the Weyl group of the corresponding root system (Ak, Dk, E6, E1 orEs). In general much information about the deformation, e.g. the discriminant and adjacencies, may be read off the geometry of this covering. The reflections in W are related to certain divisors, called roots, on Y and their liftings. The contraction map is induced by contracting RDP-configurations on Y.
In connection with his work on deformations of cyclic quotient singularities ( CQS), the second author observed a natural Galois covering of each component in the reduced versal base space of a CQS. In the case of the Artin component the observed covering group was the same as for Res---+ Def. (See [Christophersen 1] and [Christophersen 2] .) The first author conjectured that this was the monodromy cover and we asked ourselves if there was a deformation theoretic explanation. The purpose of this paper is to answer this question.
We will show that something similar to the Res ---+ Def picture actually happens for every non-embedded component of the versa! base space of a quotient singularity. (For us a quotient singularity is the singularity of C 2 /G where G C GL(2, C) is a finite subgroup which we can assume to be without pseudo-reflections.) For quotient singularities, the construction of the Artin component is a special case of a procedure involving deformations of certain modifications which we call M-resolutions.
The application of threefold theory to deformations of rational singularities as found in [Kollfu--Shepherd-Barron] was important both for discovering M-resolutions and for the proofs of their properties. In fact, our results are anticipated in Theorem 3.5(a) of that paper. Still -the definitions and statement of the main result may be made without reference to that work. The relevant results from [Kollfu--Shepherd-Barron] are postponed to §1.
Consider a smoothing of a normal surface singularity X with smooth generic fiber F.
The Milnor number of this smoothing is p. = rk H 2 (F) and depends upon the component of the versa! base space of X on which the smoothing appears.
1 supported by a "Heisenberg-Stipendium" Be 1078/1-2 of the DFG These singularities are classified (see §1). The simplest example is the cone over the rational normal curve of degree 4. The curve is a hyperplane section of the Veronese surface in P 5 • We get a smoothing of the surface singularity by "sweeping out the cone".
Thus the Milnor fiber is P 2 minus a quadric, which has b2 = 0.
IT a local deformation of a proper modification Y of a quotient surface singularity X restricts to (p, = 0)-smoothings of the singularities of Y, then the second betti number of the fibers is constant, so there is no monodromy. Hence if the blowing down map to the deformation space of X is Galois, with Galois group G, then G is the monodromy group of the contracted family. This motivates why we restrict the singularities on Y to type T0 • Further we impose a minimality condition, expressed in terms of the canonical divisor. The result appears in a more precise form as the three theorems 3.1.4, 3.3.2 and 3.4. The one to one correspondence between M-resolutions and components follows from a theorem of Kollar and Shepherd-Barron that establishes a one to one correspondence between components and P-resolutions. In fact Sn may be identified with the so called qG-deformation of the P-resolution (to be explained in §1). In §3 we show that each P-resolution, Z, is dominated by a unique M-resolution f: Y-+ Z with the property that Ky = f* Kz.
The proof of the theorem falls in two parts. The first part ( §2) is to prove the result when X is a type T singularity-these are the singularities allowed on P-resolutionsand the component is qG. This is our analog to the work on simultaneous resolution of rational double points [Brieskorn) , [Tjurina) . The general result ( §3) can now be proven by reducing to this case. The idea is essentially the same as in the construction of the Artin component outlined in [Wahl 2] , substituting M-resolution for minimal resolution, and P-resolution for RDP-resolution. A number of arguments have to be added or changed though.
In the RDP case Lipman's theorem says that the deformations of the RDP resolution map injectively into deformations of the singularity ( [Lipman] ). In our case this last part is taken care of by Kollar and Shepherd-Barron. They prove at least that the map from the qG deformation space of the P-resolution maps finitely and generically 1-1 to the corresponding component. In particular the families over the open sets with nonsingular fibers coincide. In the cyclic quotient case [Stevens] shows that the map is actually an injection, but he has an example of a dihedral singularity where one component actually is singular.
For the cyclic quotients we say explicitly what the monodromy group is over each component ( §4). For all the other quotient singularities complete lists of monodromy groups will be obtained illlPlediately from a complete classification of their P-resolutions.
There are some obvious questions arising from these results. Does a similar result exist for all rational singularities? At the moment we do not know. Simple examples tell us that it will be much more complicated to determine the monodromy group. In another direction; will M-resolutions help in determining adjacencies, i.e. the singularities of the nearby fibers? The answer here is certainly yes, but some technical difficulties have yet to be solved.
Notation. To describe orbit spaces of cyclic groups we write e.g. C 3 /Zr( a, b, c) which means that a generator of Zr acts on C 3 with matrix equal to diag ( (a, ( 6 , (c) where ( is a primitive r'th root of unity.
As we already have done, we misuse the functor notation Defx to mean also the versal deformation space, that is-the space pr<rrepresenting the deformation functor. The same notation is used for both singularities and global objects like resolutions. It should be clear from the context which deformation theory is involved.
1.1. To understand M-resolutions we must first look at the P-resolutions introduced in [Kollar--Shepherd-Barron] . We recall definitions and results from that paper. For further developments and conjectures about general rational surface singularities see [Kollar] .
1.1.1. Consider a one parameter deformation of a quotient singularity X. The total space, X, is a normal 3-fold. The canonical ring of this 3-fold is finitely generated. Thus one has a canonical model Y with Ky Q-Cartier ([Koll3.r--Shepherd-Barron,3.5]).
A one parameter smoothing of a quotient singularity is called qG if tpe total space has Q-Cartier canonical divisor. The singularity of the total space must then be terminal ([ibid,3.6] H we let Ars-1 be the germ of (xy-zr" = 0) c C 3 then the action of the covering group Zr extends to C 3 as Zr(1, -1, d). Thus X is the hypersurface section xy-zr" = 0 of the terminal singularity C 3 /Zr(1, -1, d). This yields the qG smoothing.
The Milnor number, ,_,, of this smoothing is easily calculated by comparing the Euler characteristic of the Milnor fiber of Ars-1 with the fiber in our smoothing. Thus 1 + J-l = ((rs-1) + 1)/r and I"= s-1. In other words the type To singularities are exactly the type T singularities with s = 1; i.e. of the form C 2 /Zr2 (1, rd -1 ). We will sometimes refer to type T 11 singularities.
1.3. We will need some facts about cyclic quotient singularities and their deformations. Details may be found in [Riemenschneider] , [Arndt] , [Christophersen 1] , [Stevens] and [Christophersen 2].
1.3.1. Let G be a finite cyclic subgroup of GL(2, C) without pseudo-reflections. Such a G is similar to one generated by diag( (n, (~). Here n > q > 0, ( n, q) = 1 and (n is a primitive n'th root of unity. The cyclic quotient singularity (CQS) is the singularity of C 2 /Zn(1, q).
Let m = n -q and consider the unique continued fraction expansion
Then the invariant ring C [u, v] G is minimally generated as an algebra by Zi = uc;vd; fori= 0, 1, ... , e-1, ( [Riemenschneider, Satz 2] ). Dually consider
The dual graph of the CQS looks like
The torus action defines a Z 2 grading on C[u, v]G, the homogeneous elements being the monomials in the Zi. Of course the weights of the generators are Wi = ( Ci, di). Thus a cyclic quotient singularity is determined by its mu.ltiplicitieJ a1, ... , ae_2, and we will from now on use the notation X ( a1, ... , ae-2) for the singularity itself. H X= X(a1, ... , ae-2), then define the set Ke-2(X) = {[k) E Ke-2 : ki S ai for all i = 1, ... , r}. The main result on the versal deformation of cyclic quotients is the following.
It is proven in [Stevens] where it appears as Theorem 4.1 and 5.1.
THEOREM. H X( a~, ... , ae_2) is a cyclic quotient singularity then there is a one to one correspondence between and the components of the reduced versal base, Bred, of
The proof of this theorem in [Stevens) is based on the Koll<ir and Shepherd-Barron result quoted in 1.1.3. The possible P-resolutions of X are shown to be in one to one correspondence with Ke-2(X). In this setting the q G-com ponent of
To avoid introducing too much new notation, we will not refer to this description in the following. We would like to remark that one can find an explicit description of the qG family etc. in this set up using [Christophersen 2,2.1.1]. In §2 we will perform some computations for which this description is useful-this was how we have first found the results -but we leave it to the interested reader to work this out for herself.
1.4. We recall for future reference the intersection product of divisors on not necessarily smooth normal surfaces. Let W be a normal surface, and f : W -+ W a resolution of singularities. For an effective (Weyl) divisor on W let Ds be its strict transform on W, and let V be the unique Q-linear combination of /-exceptional curves such that f* D = Ds + V intersects each vertical curve trivially. Then the intersection product is [Giraud, 2.4] .
In the special case where Ds is smooth, of self-intersection -b, and carries cyclic quotients Xi= X(ni,qi) such that only their first exceptional component (in the order determined by the continued fraction expansion of nifqi)
The purpose of this section is to construct a special M-resolution, Y, for a type T singularity X, with the following properties. There is a smooth subspace Defy of Defy and a finite Galois map from Deft onto the qG-component of Defx. The covering group W is a symmetric group. The family Y over Deft contracts to a deformation of X. We may think of this as simultaneous M-resolution after finite base change.
The reflection group W is the monodromy group of the qG-component, so Def~ is the monodromy cover. Furthermore, on Y we exhibit certain Weil divisors which we call "roots". For each reflection u E W, there exists a root Z such that the reflection hyperplane of u is exactly the subspace where Z lifts to the deformation of Y.
Let
dimensional quotient singularity, it is rigid by [Schlessinger] . It follows from for example [Christophersen 3 ] that the deformations of X inside C 3 /Zr(l, -1, d) form a smooth component in the versal base space of X. This is of course the qG-component, call it S.
The tangent space of Sis ( Tl,_ 1 ) lr (see 3.18] or [Christophersen 3]).
A basis for T . . t,_ 1 is vo, VI, ... , Vr,-2, where vi(!) = zi. The action of Zr on Tl,_ 1 is defined by Vi 1--+ (;divi, so the invariant subspace is spanned by { Vcr : c = 0, ... , s -1 }.
Therefore S ~ (C", 0) and the family over S is defined by
Here ti+t is dual to Vir· H we consider the last part of F as a polynomial in zr, we may write it as a product of its roots; i.e. set G = xy-II:=t (zr-ei)· Thus G defines a family V over the space U ~ (C", 0) with coordinate functions ei· The space U maps to S with covering group W,, the symmetric group on s letters. This is the covering we will study.
REMARK:
The covering Res -+ Def of the Ar,-1 singularity looks similar to the above, but the connection is not immediate. Note that U is not a subspace of Res. PROOF: To prove the latter assertion note that a monodromy transformation of the Ars-1 lattice which fixes the Zr invariant sublattice, passes to a monodromy transformation in the quotient, and conversely. Thus the monodromy group of the Ts-1 singularity is the normalizer modulo the the centralizer of the invariant sublattice.
We compute the action of Zr on the Milnor homology H2(F) of Ars-t·
Embed the Weyl group representation of Ars-1 into the permutation representation on crs. In terms of the basis zo, ... 'Zrs-1 with ~i = Zi-1-Zi the generator of Zr is a product of s cycles of length reach. We may write .
fori= 1, ... , s -1. The subgroup of Sr, which fixes each Ei is exactly Sr X··· X Sr, each factor acting on a block Z(i-l)n· .. , Zir-1 of variables. Modulo this subgroup the stabilizer of the invariant lattice is generated by the following elements (cycle notation) in [Laufer] 
where the right vertical map is induced by
The total picture is seen in the following diagram
where A (resp. B) is the canonical cover of X (resp. Y). 
. In particular the kernel of a is exactly the set where ei = e;.
D §3. M-RESOLUTIONS AND MONODROMY IN GENERAL
3.1. We shall show in this section that for each P-resolution of a quotient surface singularity there is a unique M-resolution which dominates it, and such that all the vertical curves have trivial intersection with the canonical divisor.
3.1.1. Observe that on a P-resolution we cannot blow up smooth points if we want to keep the canonical divisor numerically effective. So all we have to do is to show that a singularity of type T has at most one M-resolution with the additional property that the canonical divisor intersects all exceptional curves trivially. We start with a Lemma that computes the necessary Q-intersection numbers (cf. 1.4).
3.1.2. Let X be a cyclic quotient singularity with exceptional components Et, ... ,Ek on the minimal resolution 1r : X --+ X. We use the notation of 1.3.1.
Consider the sequences of non-negative integers ao = n,a1 = q,
where q' is the unique number with qq' = 1 (n), 0 < q' < n. Then one may check that (see e.g. (Knoller] 
In particular for a type T singularity C 2 /Zr2s(1, drs -1) note that K 1 = ( ~·-1), Kk = 
i=l Since -1 < K~i) < 0 for all i this intersection number can be zero only if b = -E.E = 1.
Then E?=I K~i) = -1,and if (Y,pi) has invariants ni = r[ Si, qi = diriSi -1 this means
• By negative definiteness of the intersection matrix we have
We get and hence
The smallest possible value for ni for a type T singularity being 4 this implies n :::; 2. On the other hand n = 1 is clearly impossible. The converse is trivial. 
and (rE) 2 = -2. Obviously the only irreducible (-2)-cycles are these curves and possibly nodal curves which contract to rational double points on theM-resolution.
Similarly one computes for two adjacent such components (rE)(rE') = 1, and for a chain z = r(El + .. . Er), Z 2 = -2. We leave it as an exercise to check that Wy.Z = 0.
3.3. We now show that the local computations for the special M-resolution of type T singularities, and of rational double points, patch together.
3.3.1. To this end we consider a P-resolution f: Z-+ X of a quotient surface singularity, and let g : Y -+ Z be the crepant M -resolution of Z. To assure smoothness of the horizontal maps we have to show surjectivity on the tangent space level. Looking at the bottom row we apply the local to global spectral sequence of cotangent cohomology.
Hence the natural forgetful map from the tangent space T} of Def z to the tangent space EB~=l Tlz,z;) of ll!=t Def(z,z;) is surjective. In particular by restriction we get the surjectivity of the bottom horizontal map.
For the top horizontal map let the singular points (Yi, 8y; ) 
There is the usual short exact sequence and the forgetful map obviously surjects the right hand side onto
Hence it suffices to show that H 1 (Y, E>y) maps onto EB!= 1 H 1 (Yi, E>y;). For the type T chains by Lemma 2.4.1, and we can conclude as in Theorem 2.14] .
Finally the right hand side of the diagram is Galois as required. For the rational double points we refer to Brieskorn's construction [Brieskorn] , and the type T case we did in Section 2. 0 4.1. We give a geometric explanation for the identification of W-reflected points in Defx.
As in the case of the Artin component, these reflections are related to the flops introduced in recent 3-fold theory. Given such a contractible curve neighborhood, assume X has canonical singularities and that KxiC = 0. Let H be a line bundle on X such that n-1 IC is ample. A three dimensional curve neighborhood c+ c x+, bimeromorphic to C c X, is called the flop of C c X (with respect to H) if there exists a line bundle n+ on x+ such that H+lc+ is ample.
It is proven, that under the conditions of the definition, flops do exist and they are unique. In the case of terminal singularities they are also independent of the choice of H. 4.1.3. In general the roots are either as described above or come from RDP configurations on the M-resolution (3.2). The latter case is treated in e.g. [Wahl 2, 1.4] in the case of the minimal resolution, but there is no problem extending the argument toM-resolution in general. Also it is easy to see the that the so called "elementary operation" described there is a flop. (See e.g. example 2.1.4.1 in [Kollar] .) Since in the general case W is a product of reflection groups determined by these two local pictures we get the relation to flops by decomposing. This was the covering group observed in [Christophersen 1] so we have proven the conjecture mentioned in the introduction.
APPENDIX
We treat the problem of lifting divisors to deformations of normal surfaces. Most of this can be found in a much more general setting in the literature on deformation theory, e.g. [Laudal] . We omit therefore proofs and do not explain the standard notation of the cotangent complex groups and sheaves. (We distinguish between the groups Ti and sheaves Ti with notation.)
Consider a Weil divisor Z on a normal surface X and the sub-deformation functor
Defx,z of deformations of X to which Z lifts. That is deformations f: X--+ S such that there exists Z C X with f : Z --+ S flat and Zo = Z.
There are natural maps T~ --+ T~ ( 0 z) and a long exact sequence It is clear from the diagram that the tangent space of Defx,z is ker( a) and it also true that the obstruction space is coker( a).
In 
